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Prethermalization refers to the relaxation to a quasi-stationary state before reaching thermal
equilibrium. Recently, it is found that not only local conserved quantities but also entanglement
plays a key role in a special type of prethermalization, called entanglement prethermalization. Here,
we show that in the Tomonaga-Luttinger model the entanglement prethermalization can also be
explained by the conventional prethermalization of two independent subsystems without entangle-
ment. Moreover, it is argued that prethermalization in the Tomonaga-Luttinger model is essentially
different from entanglement prethermalization in the Lieb-Liniger model because of the different
types of energy degeneracies.
I. INTRODUCTION
Relaxation and thermalization in an isolated quantum
system have attracted growing interest from the view-
point of fundamental principles of quantum and statisti-
cal physics [1–6, 8] and experimental investigations using
cold atoms [9–12]. An isolated system often relaxes to a
quasi-stationary state, a phenomenon known as prether-
malization [13–20]. It is known that prethermalization
usually occurs due to the existence of local quantities
which are almost conserved over a certain long timescale.
In some idealized case of, e.g., an integrable system, the
system never thermalizes, and a non-thermal steady state
defined in such an idealized limit corresponds to a quasi-
stationary prethermalized state in more realistic situa-
tions. Because of small deviations from the idealized
limit, the system will eventually reach thermal equilib-
rium. In this work, we do not consider such small devi-
ations from the idealized limit, and hence we here treat
only the first stage of the relaxation to a prethermalized
state.
It has recently been found that the initial entangle-
ment between two subsystems can affect prethermaliza-
tion, which we call entanglement prethermalization (EP)
[21, 22]. EP has been demonstrated in the Lieb-Liniger
(LL) model [23], which describes a one-dimensional Bose
gas with a contact interaction. We prepare the ground
state of the LL gas and split it into two independent sub-
systems, let them evolve in time, and finally measure the
interference pattern of the two overlapping Bose gases.
It is found that the cross-correlation function of the two
subsystems depends on the initial entanglement between
them even in the long-time limit [21].
On the other hand, prethermalization in the inter-
ference pattern between the split one-dimensional Bose
gases has been experimentally observed [15], and theoret-
ically analyzed by using the Tomonaga-Luttinger (TL)
model [15, 24, 25]. Since the TL model is the low-energy
effective theory of the LL model, one may ask whether
EP found in the LL model is identical to the prethermal-
ization theoretically analyzed in the TL model.
In this paper, we show that the prethermalization ob-
served in the split TL gases can also be interpreted as
EP between the two subsystems, but that it should be
distinguished from that in the LL model. The nature of
energy degeneracies plays a key role here as explained in
Sec. II. The TL model can be mapped to a system of
non-interacting bosons and there are many degeneracies
in the Hamiltonian. On the other hands, in the LL model,
many energy degeneracies present in the TL model are
lifted due to the nonlinearity of the interaction. The re-
maining energy degeneracies due to the translation sym-
metry and the inversion symmetry cause the EP in the
LL model. This difference leads to the distinction con-
cerning the EP between the TL model and the LL model.
The rest of this paper is organized as follows. In Sec.
II, we explain general mechanism of EP in two nonin-
teracting subsystems under a unitary time evolution. In
Sec. III, we briefly explain the known result on the EP
in the LL model. In Sec. IV, we study the EP in the TL
model. In Sec. V, we consider the case in which there
are interactions between two subsystem. In Sec. VI, we
summarize the mail results of this paper.
II. ENTANGLEMENT PRETHERMALIZATION
We first briefly explain general mechanism of entangle-
ment prethermalization (EP) in two noninteracting sub-
systems under the unitary time evolution. Usually, the
initial energy is relevant for the long-time behavior of
physical quantities, but the initial entanglement is not.
However, if there are some energy degeneracies, the en-
tanglement survives and can make significant contribu-
tions to the long-time behavior of physical quantities.
Here, we remark that we discuss the prethermalized
state reached after the first relaxation, and do not con-
sider the second relaxation due to small perturbations.
2For this purpose, we only consider the infinite-time aver-
age of physical quantities without perturbations.
Two conditions are necessary for EP. One is to prepare
an initial state in which two non-interacting subsystems
are entangled. It is realized by a coherent splitting of
the system as in the experiment [15] . Then, to protect
the entanglement for a long time, energy degeneracies are
necessary. If these two conditions are satisfied, the long-
time average of the density matrix is given by a mixture
of entangled states.
To be concrete, let us consider the system consisting
of the two subsystems 1 and 2. The Hilbert space is
given by H = H1 ⊗ H2, where Hα is the Hilbert space
of the αth subsystem (α = 1, 2). The Hamiltonian is
given by Hˆ = Hˆ1 ⊗ 1ˆ + 1ˆ ⊗ Hˆ2, where Hˆα represents
the Hamiltonian of the αth subsystem, and 1ˆ is the
identity operator. An energy eigenstate is denoted by
|n, i;m, j〉 = |n, i〉 ⊗ |m, j〉, where H1|n, i〉 = E(1)n |n, i〉
and H2|m, j〉 = E(2)m |m, j〉. The degree of degeneracies
of the eigenvalue E
(α)
n of Hα is denoted by d
(α)
n , and thus
i = 1, 2, . . . , d
(1)
n and j = 1, 2, . . . , d
(2)
m . When the two
subsystems are identical, E
(1)
n = E
(2)
n and d
(1)
n = d
(2)
n ,
but we consider a more general case. We set ~ = 1
throughout this paper.
Let us define the projection operator PE onto the sub-
space with the total energy E,
PE ≡
∑
(n,i),(m,j)
En+Em=E
|n, i;m, j〉〈n, i;m, j|. (1)
The infinite-time average of the density matrix ρ(t) =
|Ψ(t)〉〈Ψ(t)|, where |Ψ(t)〉 is the state of the total system
evolving in time as id|Ψ(t)〉/dt = H |Ψ(t)〉, is given by
ρ¯ ≡ lim
T→∞
1
T
∫ T
0
dtρ(t) =
∑
E
pE |ΨE〉〈ΨE |, (2)
where pE = 〈Ψ(0)|PE|Ψ(0)〉 and
|ΨE〉 = 1√
pE
PE|Ψ(0)〉
=
1√
pE
∑
(n,i),(m,j)
En+Em=E
C(n,i),(m,j)|n, i;m, j〉, (3)
with C(n,i),(m,j) = 〈n, i;m, j|Ψ(0)〉. We note that the
decoherence occurs only between states with different
eigenenergies and that the initial coherence within the
degenerate subspace is maintained upon the infinite-time
average.
First, we consider the case in which the condition En+
Em = E uniquely determines n and m. In this case,
|ΨE〉 = 1√
pE
d(1)n∑
i=1
d(2)m∑
j=1
C(n,i),(m,j)|n, i〉 ⊗ |m, j〉. (4)
If there is no initial entanglement, C(n,i),(m,j) =
C
(1)
(n,i)C
(2)
(m,j) and
|ΨE〉 = 1√
pE

d(1)n∑
i=1
C
(1)
(n,i)|n, i〉

⊗

d(2)m∑
j=1
C
(2)
(m,j)|m, j〉

 ,
(5)
and there is no entanglement in |ΨE〉 and in ρ¯. On the
other hand, if the entanglement is present in the initial
state, |ΨE〉 in (4) is also an entangled state, and thus the
initial entanglement persists during the time evolution.
When two subsystems are identical and mappable to
non-interacting bosons (as in the TL model) or fermions,
there will be many n and m satisfying En +Em = E for
a fixed value of E. Such additional energy degeneracies
also contribute to the entanglement in the state |ΨE〉 in
(3).
In this way, the presence of the initial entanglement
and the energy degeneracies provide an essential mecha-
nism of the EP.
III. ENTANGLEMENT PRETHERMALIZATION
IN THE LIEB-LINIGER MODEL
We apply the mechanism of EP to the LL model. The
initial state is prepared in the ground state of the LL
Hamiltonian. Therefore the system has translation sym-
metry which leads to the momentum conservation, and
inversion symmetry which leads to energy degeneracy.
As a consequence, the infinite-time average of the density
matrix is block-diagonalized in terms of these entangled
states.
The LL Hamiltonian in the periodic boundary condi-
tion is
Hˆ(LL) =
∫ L/2
−L/2
dx
(
∂xψˆ
†(x)∂xψˆ(x)
+gψˆ†(x)ψˆ†(x)ψˆ(x)ψˆ(x)
)
, (6)
where ψˆ(x) is the bosonic field operator and we employ
a system of units with 2m = 1, where m is the mass
of the boson, and N/L = 1. We consider the repulsive
interactions, g > 0. This model is integrable and ex-
act many-body energy eigenstates can be obtained by
the Bethe-Ansatz method, where the N -body eigenstate
|kN〉 is characterized by a set of quasi-momenta kN which
give the eigenenergy E(k) =
∑N
j=1 k
2
j and eigenmomen-
tum P (kN ) =
∑N
j=1 kj .
To prepare an initial state with two entangled subsys-
tems, we consider a quantum quench, which mimics a
coherent split of a 1D Bose gas into the “up” component
and the “down” component. We assume that the excita-
tion energy along the radial direction is very large. In this
process, each boson operator ψˆ(x) becomes a symmet-
ric superposition, ψˆ(x) = ψˆc(x) ≡ [ψˆ↑(x) + ψˆ↓(x)]/
√
2,
3and there is no “antisymmetric boson” ψˆ†s(x)ψˆs(x) = 0,
where ψˆs(x) ≡ [ψˆ↑(x)− ψˆ↓(x)]/
√
2 [21].
Therefore, the initial state is given by the ground state
of
Hˆ
(LL)
0 =
∫ L/2
−L/2
dx
(
∂xψˆ
†
c(x)∂xψˆc(x)
+gψˆ†c(x)ψˆ
†
c(x)ψˆc(x)ψˆc(x)
)
, (7)
subject to the condition
ψˆs(x)|Ψs(0)〉 = 0. (8)
After the split, the up and down gases do not interact
with each other, so the Hamiltonian after the quench is
given by
Hˆ
(LL)
1 = Hˆ
(LL)
↑ + Hˆ
(LL)
↓ (9)
where
Hˆ
(LL)
↑/↓ =
∫ L/2
−L/2
dx
(
∂xψˆ
†
↑/↓(x)∂xψˆ↑/↓(x)
+g′ψˆ†↑/↓(x)ψˆ
†
↑/↓(x)ψˆ↑/↓(x)ψˆ↑/↓(x)
)
. (10)
The interaction after the quench g′ is arbitrary, but we
chose g′ = g in this paper.
The initial sate |Ψ(0)〉 is the ground state of Hˆ0, and
the state at time t is given by |Ψ(t)〉 = e−iHˆ1t|Ψ(0)〉.
Let kM↑ and k
N−M
↓ be the quasi-momenta of the up and
down components, respectively. By expanding |Ψ(0)〉 in
the basis of eigenstates of Hˆ1, we obtain
|Ψ(t)〉 =
N∑
M=0
∑
kM
↑
,kN−M
↓
C(kM↑ ,k
N−M
↓ )e
−iE(kM↑ ,k
N−M
↓
)t
× |kM↑ 〉|kN−M↓ 〉,
(11)
where
Hˆ1|k↑M 〉|kN−M↓ 〉 = E(kM↑ ,kN−M↓ )|k↑M 〉|kN−M↓ 〉 (12)
with E(kM↑ ,k
N−M
↓ ) ≡ E(kM↑ ) + E(kN−M↓ ). The time
evolution is straightforwardly calculated once we deter-
mine the expansion coefficients {C(kM↑ ,kN−M↓ )} since
E(kM↑ ,k
N−M
↓ ) can be calculated exactly by the Bethe
ansatz method.
In Ref. [21], the prethermalization is discussed by cal-
culating the auto-correlation of the up component in
the Bose gas C↑(x, t) = 〈Ψ(t)|ψˆ†↑(x)ψˆ↑(0)|Ψ(t)〉 and the
cross-correlation between the up and down components
C↑↓(x, t) = 〈Ψ(t)|ψˆ†↑(x)ψˆ↑(0)ψˆ†↓(0)ψˆ↓(x)|Ψ(t)〉. We com-
pare the infinity-time average and the thermal average
at an effective temperature. It is numerically shown that
the infinite-time average of the auto-correlation agrees
with its thermal average at the effective temperature,
while, as for the cross-correlation, the infinite-time av-
erage deviates from the thermal average. Moreover, the
cross-correlation function cannot be described by a Gibbs
state at any temperature.
The physics behind the EP is the energy degeneracy
due to symmetries. The LL model has translation sym-
metry and inversion symmetry, which lead to energy de-
generacy. As a result, the infinite-time average of the
density matrix is block-diagonalized in terms of these en-
tangled states, as discussed in Sec.II.
IV. PRE-THERMALIZATION IN THE TL
MODEL
As we see below, the LL model reduces to the TL
Hamiltonian in the low-energy approximation and then
the quench problem considered in Sec. III by using the
LL model reduces to a quench problem of the TL Hamil-
tonian. In this section, we study the low-energy approx-
imation of the quench problem considered in Sec. III.
It should be emphasized that studying the long-time
behavior after the quench in the TL Hamiltonian does
simply not lead to an approximation of the result in
Sec. III obtained by considering the infinite-time aver-
age under the LL dynamics. An important point is that,
even in the low-energy regime, the quantum dynamics
under the TL Hamiltonian well approximates the origi-
nal dynamics under the LL Hamiltonian only in a finite
timescale. Thus, the long-time behavior of the LL Hamil-
tonian can be different from that of the TL Hamiltonian,
and in that case, the long-time behavior of the TL model
corresponds to the behavior of the LL model in a long
but intermediate timescale. We will be able to gain a
new insight into the behavior of the LL model in an in-
termediate timescale after the quench by investigating
the long-time behavior of the TL model. This is why
we consider the low-energy approximation of the quench
dynamics in Sec. III.
First, we derive the TL Hamiltonian as a low-energy
effective theory of the LL Hamiltonian. We write the
Bose field operator as a product of the density part and
the phase part ψˆ†α(x) =
√
ρα + nˆα(x)e
−iθˆα(x). Here,
α =↑ or ↓ and ρα = Nα/L = 1/2 because we as-
sume N/L = (N↑ + N↓)/L = 1 with N↑ = N↓. The
commutation relations are given by [θˆα(x), θˆα′ (x
′)] = 0,
[nˆα(x), nˆα′ (x
′)] = 0, and [nˆα(x), θˆα′(x
′)] = iδ(x−x′)δαα′
[26]. Then, we consider that these fluctuations are very
small which corresponds to the low-energy approxima-
tion. After that we obtain the TL model as a low-energy
effective theory of the LL model. The TL Hamiltonian
corresponding to (7) is given by
H
(TL)
0 =
∫ L/2
−L/2
[
(∂xθˆc(x))
2
4
+ 4gnˆ2c(x)
]
dx, (13)
4and the condition (8) reduces, in the linear order of nˆ
and θˆ, to
(
nˆs(x) + i
θˆs(x)
2
)
|Ψs(0)〉 = 0, (14)
where the “charge” and “spin” components are defined
as
nˆc(x) =
nˆ↑(x) + nˆ↓(x)
2
, nˆs(x) =
nˆ↑(x)− nˆ↓(x)
2
, (15)
θˆc(x) = θˆ↑(x) + θˆ↓(x), θˆs(x) = θˆ↑(x)− θˆ↓(x). (16)
Thus, the initial state |Ψ(0)〉 is the ground state of (13)
under the condition (14). The TL Hamiltonian after the
quench, which corresponds to (9) and (10), is given by
Hˆ
(TL)
1 = Hˆ
(TL)
↑ + Hˆ
(TL)
↓ (17)
with
Hˆ
(TL)
↑/↓ =
∫ L/2
−L/2
[
(∂xθˆ↑/↓(x))
2
2
+ gnˆ2↑/↓(x)
]
dx. (18)
The TL model is considered as a collection of harmonic
oscillators, and Eq. (18) is diagonalized as
Hˆ
(TL)
↑/↓ =
∑
k
ωkb
†
k↑/↓
bk↑/↓ , (19)
where
ωk = |k|
√
2g, k =
2pin
L
(n = 0,±1,±2, . . . ), (20)
bk↑/↓ ≡
[
1
|k|
√
g
2
] 1
2
n˜↑/↓(k) + i
[ |k|
2
√
1
2g
] 1
2
θ˜↑/↓(k),
(21)
and


n˜↑/↓(k) =
1√
L
∫ L/2
−L/2
dxn↑/↓(x)e
−ikx,
θ˜↑/↓(k) =
1√
L
∫ L/2
−L/2
dxθ↑/↓(x)e
−ikx.
(22)
The state at t is given by |Ψ(t)〉 = e−iHˆ(TL)1 t|Ψ(0)〉.
In deriving Eq. (13), we have assumed that ∂xnˆ(x) is
negligible compared with
√
gnˆ(x). This approximation
is justified for |k| < kc := √g ∼ 2pi/ξ, where kc is the
ultraviolet cutoff and ξ is the healing length [25]. Thus
we should always consider the Fourier modes within the
range |k| < kc.
Since the time evolution is determined by the Hamil-
tonian (19), we shall express the initial state in terms of
b†k↑ and b
†
k↓. From the above condition, the initial state
is given by the product of the charge part and the spin
part:
|Ψ(0)〉 = |Ψc(0)〉 ⊗ |Ψs(0)〉. (23)
The charge part of the initial state |Ψc(0)〉 is the ground
state of equation (13), which is nothing but the two-mode
squeezed vacuum in terms of {bck, bc†k }, where
bck =
bk↑ + bk↓√
2
(24)
|Ψc(0)〉 =
∏
k:0<k<kc
1
cosh rc
e− tanh(rc)b
c†
k b
c†
−k |0〉 (25)
with
e−rc =
(
1
2
)1/4
, (26)
and |0〉 is the vacuum, bk↑/↓|0〉 = 0. For the spin part,
(14) implies
|Ψs(0)〉 =
∏
k:0<k<kc
1
cosh[rs(k)]
e− tanh[rs(k)]b
s†
k b
s†
−k |0〉 (27)
and
e−rs(k) =
(
2g
k2
)1/4
, (28)
where
bsk =
bk↑ − bk↓√
2
. (29)
The state of the spin component (27) is the two-mode
squeezed vacuum. We note that the initial state is en-
tangled in the up-down representation:
|Ψ(0)〉 6= |Ψ↑(0)〉 ⊗ |Ψ↓(0)〉. (30)
A. EP in the TL model
First, we study the time evolution after the quench
in the spin-up and spin-down representation. By sub-
stituting (24) and (29) to (23), we obtain the up-down
representation of the initial state which is explicitly given
by
|Ψ(0)〉 =
∑
{nk}
C{nk}|Φ{nk}〉, (31)
where
5C{nk}|Φ{nk}〉 =
∏
k:0<k<kc
1
cosh rc cosh rs(k)
(−1)nk
nk!
[
R+(b
†
k↑b
†
−k↑ + b
†
k↓b
†
−k↓) +R−(b
†
k↑b
†
−k↓ + b
†
k↓b
†
−k↑)
]nk |0〉 (32)
Here, R+ := (tanh rc + tanh rs(k))/2, R− := (tanh rc −
tanh rs(k))/2, and the state |Φ{nk}〉 is characterized by
the set of nonnegative integers nk for each mode k and
the normalization condition 〈Φ{nk}|Φ{nk}〉 = 1.
Since a pair of bosons with momenta +k and −k has
the energy 2ωk, |Φ{nk}〉 is a superposition of degenerate
energy eigenstates with energy
∑
k 2nkωk. The infinite-
time average of the density matrix is obtained as [? ]
ρ¯ =
∑
{nk}
|C{nk}|2|Φ{nk}〉〈Φ{nk}|. (33)
It is noted that each |Φ{nk}〉 is an entangled state of spin-
up and spin-down. There are many energy degeneracies,
and thus, according to the argument in Sec. II, the in-
fluence of the initial entanglement lasts forever, and the
system will reach a stationary sate which is different from
thermal equilibrium. This is nothing but EP.
If the initial state of the two subsystems (spin-up and
spin-down) are prepared independently and there is no
entanglement between them, each subsystem will evolve
to the generalized Gibbs ensemble (GGE) [27, 28],
ρGGE↑↓ =
exp[−∑k(λk↑b†k↑bk↑ + λk↓b†k↓bk↓)]
Tr exp[−∑k(λk↑b†k↑bk↑ + λk↓b†k↓bk↓)] , (34)
because it is known that integrable systems relax to the
GGE [29–44]. Here, the parameters {λk↑↓} are deter-
mined by the initial values of the conserved quantities
〈Ψ(0)|b†k↑↓bk↑↓|Ψ(0)〉 = Tr ρGGE↑↓ b†k↑↓bk↑↓ =
1
eλk↑↓ − 1 .
(35)
Explicitly, they are given as
λk↑ = λk↓ = ln
(
sinh2 rc + sinh
2 rs + 2
sinh2 rc + sinh
2 rs
)
. (36)
We note that this GGE has no correlation between the
spin-up and spin-down subsystems, and hence this is dif-
ferent from Eq. (33). In this way, the property of the
stationary state depends on the initial entanglement.
B. Spin-charge representation
In this subsection, we treat the same problem in the
spin-charge representation. As explained in Sec. II, the
initial entanglement between the two noninteracting sub-
systems and the energy degeneracies provide the mecha-
nism of the EP. It is noted that the presence of the entan-
glement depends on how to decompose the system into
the two subsystems. In the TL model which is split into
the two parts ↑ and ↓, a natural choice is the subsystem
with the ↑ component and that with the ↓ component.
However, there is another choice of decomposition into
noninteracting subsystems, that is, the spin component
and the charge component. In the spin-charge represen-
tation, the Hamiltonian after the quench is given by
Hˆ
(TL)
1 = Hˆ
(TL)
c + Hˆ
(TL)
s , (37)
where
Hˆ
(TL)
c/s =
∫ L/2
−L/2
[
(∂xθˆc/s)
2
4
+ 2gnˆ2c/s
]
dx. (38)
It is apparent from Eqs. (23) and (37) that there is no
entanglement between the spin and charge subsystems,
and there is no interaction in the Hamiltonian after the
quench. Therefore, the spin and charge subsystems will
independently evolve to their own stationary states de-
scribed by the GGE and there is no EP. Along this line,
Kitagawa et al. [24, 25] calculated the time evolution
of the full-distribution function of the interference con-
trast by utilizing the spin-charge representation. The re-
sult obtained in the spin-charge representation is equiv-
alent to that in the up-down representation presented in
Sec. IVA.
In the spin-charge representation, the post-quench
Hamiltonian (17) is given by Eq. (37), and the Hamil-
tonians Hˆ
(TL)
c/s are diagonalized as
Hˆ
(TL)
c/s =
∑
k
ωkb
c/s†
k b
c/s
k (39)
Thus the time evolution of the charge component is in-
dependent of that of the spin component. The charge
and spin components are initially decoupled (no entan-
glement), and hence they are independent of each other
for any t > 0,
|Ψ(t)〉 = |Ψc(t)〉 ⊗ |Ψs(t)〉. (40)
Since the spin and charge components independently
relax to their own stationary states, the stationary state
will be given by the GGE of charge and spin components,
ρGGEsc =
exp[−∑k(λckbc†k bck + λskbs†k bsk)]
Tr exp[−∑k(λckbc†k bck + λskbs†k bsk)] , (41)
where λck and λ
s
k are determined by the initial values of
bc†k b
c
k and b
s†
k b
s
k, respectively:

〈Ψ(0)|bc†k bck|Ψ(0)〉 =
1
eλ
c
k − 1 ,
〈Ψ(0)|bs†k bsk|Ψ(0)〉 =
1
eλ
s
k − 1 .
(42)
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FIG. 1. Nonequilibrium dynamics of the auto-correlation
function for varying times t. The dashed curve represents the
infinite-time average calculated by the density matrix (33).
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FIG. 2. Nonequilibrium dynamics of the cross-correlation
function for varying times t. The dashed curve represents the
infinite-time average calculated by the density matrix (33).
Explicitly, they are given as
λ
c/s
k = − ln
(
tanh2 rc/s
)
. (43)
We can define an effective inverse temperature govern-
ing a long-length scale of the spin component as βeff :=
limk→0 λ
s
k/ωk. We obtain
βeff =
2
g
, (44)
which is the same as the one obtained by Kitagawa et
al. [25]. Since the cross-correlation function is solely de-
termined by the spin component (see the next section),
its long-distance behavior in the stationary state agrees
with the thermal equilibrium curve at the effective in-
verse temperature βeff .
C. Auto-correlation function and cross-correlation
function
We calculate auto-correlation function and the cross-
correlation function. The auto-correlation function is ex-
pressed as
C↑(x) = 〈ψ†↑(x)ψ↑(0)〉
≈ 1
2
〈e i2 (θc(x)−θc(0))e i2 (θs(x)−θs(0))〉, (45)
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FIG. 3. Auto-correlation function. The red curve repre-
sents the infinite-time average calculated by the density ma-
trix (33). The blue curve represents the GGE result in the
up-down representation (34). The green curve represents the
GGE result in the spin-charge representation (41).
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FIG. 4. Cross-correlation function. The red curve repre-
sents the infinite-time average calculated by the density ma-
trix (33). The blue curve represents the GGE result in the
up-down representation (34). The green curve represents the
GGE result in the spin-charge representation (41).
where 〈O〉 denotes the average of O over density matri-
ces such as ρ(t) = |Ψ(t)〉〈Ψ(t)| (exact time evolution), ρ¯
(the infinite-time average given in Eq. (33)), ρGGE↑↓ (GGE
in the up-down representation), and ρGGEsc (GGE in the
spin-charge representation). The cross-correlation func-
tion is given by
C↑↓(x) = 〈ψ†↑(0)ψ†↓(x)ψ↑(x)ψ↓(0)〉
≈ 1
4
〈ei(θs(x)−θs(0))〉. (46)
The system size is very large (N=L=10000), and the
interaction strength is set as g = 0.1.
Figures 1 and 2 show the nonequilibrium time evolu-
tion of the auto-correlation and the cross-correlation af-
ter a coherent split, respectively. The black dashed line
represents the infinite-time average calculated by using
Eq. (33). We can see that correlations in the prether-
malized state emerge locally and propagate through the
system in a light-cone-like evolution, which is consistent
with the experiment of Ref.[17].
7Figures 3 and 4 show the comparison of the auto-
correlation functions and the cross-correlation functions,
respectively, computed by using several different density
matrices. The red curve shows the infinite-time average
obtained by using ρ¯ in Eq. (33), the blue curve shows the
GGE result in the up-down representation ρGGE↑↓ , and
the green curve shows the GGE result in the spin-charge
representation ρGGEsc .
As for the auto-correlation function, all the curves
agree with each other, indicating that the initial entan-
glement is not important for the auto-correlation. As for
the cross-correlation function, the GGE curve of ρGGEsc
shows an excellent agreement with the infinite-time av-
erage, but the GGE curve of ρGGE↑↓ deviates significantly
from the others. This deviation is due to the initial en-
tanglement, and clearly shows the EP in the TL model.
Both ρ¯ and ρGGEsc nicely describe the prethermalized
state. Thus, the prethermalization in the split TL gases is
interpreted as the EP in the “↑” and “↓” representation,
and it is also interpreted as the prethermalization to the
GGEs of two independent subsystems in the spin-charge
representation. These two interpretations are equivalent.
V. ENTANGLEMENT PRETHERMALIZATION
IN THE PRESENCE OF WITH INTERACTIONS
BETWEEN TWO SUBSYSTEMS
In the TL model, even if there exist interactions be-
tween the up and down subsystems,
Hˆint = J
∫ L/2
−L/2
dxnˆ↑(x)nˆ↓(x), (47)
it is decomposed into the purely charge part and the
purely spin part as
Hˆint = J
∫ L/2
−L/2
dx(nˆc(x)
2 − nˆs(x)2), (48)
and hence, the total Hamiltonian Hˆ ′1 ≡ Hˆ(TL)↑ + Hˆ(TL)↓ +
Hˆint is written in the form
Hˆ ′1 = Hˆ
′
c + Hˆ
′
s =
∑
k
(ωckb
c†
k b
c
k + ω
s
kb
s†
k b
s
k), (49)
and the charge and spin components are still decoupled
(here, the definitions of bck and b
s
k are different from those
in the previous section due to the λ term). This is known
as the spin-charge separation in the TL model. Here, ωck
and ωsk are explicitly given by

ωck = |k|
√
2
(
g +
J
2
)
,
ωsk = |k|
√
2
(
g − J
2
)
.
(50)
The difference from the non-interacting case is that the
dispersion relation ωck of the boson of the charge com-
ponent is different from the dispersion relation ωsk of the
spin component. As a result, many degeneracies are lifted
compared with the non-interacting case (λ = 0).
However, it is shown that the EP between the up and
down subsystems remains nonvanishing even if there ex-
ist interactions between them. In other words, the infor-
mation of the initial entanglement between the up and
down subsystems is not lost even after a long-time evo-
lution, and it affects the prethermalized state. This is
confirmed in the following way. Because the Hamilto-
nian after the quench is given by (49) and ωck and ω
s
k are
different, the non-thermal steady state of this model is
still given by the GGE of charge and spin components,
ρGGEsc ∝ e−
∑
k(λ
c
kb
c†
k b
c
k+λ
s
kb
s†
k b
s
k)
= e
−
∑
k
[
λck+λ
s
k
2 (b
†
k↑bk↑+b
†
k↓bk↓)+
λck−λ
s
k
2 (b
†
k↑bk↓+b
†
k↓bk↑)
]
.
(51)
The parameters λck and λ
s
k are determined from the con-
served quantities in the initial state as
〈bα†k bαk 〉 =
1
eλ
α
k − 1 , α = c, s. (52)
If there were no entanglement between the up and
down subsystems in the initial state and 〈b†k↑bk↓〉 =
〈b†k↓bk↑〉 = 0, then we have 〈bc†k bck〉 = 〈bs†k bsk〉 and thus
λck = λ
s
k ≡ λk. This implies that the GGE is de-
coupled in the up and down representation, ρGGEsc ∝
e−
∑
k λkb
†
k↑bk↑e−
∑
k λkb
†
k↓bk↓ and the correlation between
the up and down subsystems is not important in the
state at long times after the quench. On the other hand,
if there is an initial entanglement between the up and
down subsystems, λck 6= λsk (and λck − λsk depends on
the strength of the initial entanglement), and the GGE
cannot be decomposed into the product of the density
matrices of the up and down subsystems. Therefore, in
this case, the correlations between the two subsystems
are important in the non-thermal steady state. In this
way, the presence or absence of the initial entanglement
strongly affects the steady state even if the two subsys-
tems interact with each other.
VI. CONCLUSION AND DISCUSSION
We have investigated the prethermalization after a co-
herent splitting of a one-dimensional Bose gas. The
prethermalization is explained by a combination of the
initial entanglement between the two subsystems and en-
ergy degeneracies due to symmetries. If there are energy
degeneracies, the initial entanglement persists even after
a long-time average. Because of the importance of the
initial entanglement, this prethermalization is called the
entanglement prethermalization (EP).
8What we find in the EP in the TL model is that the
initial entanglement is important for the cross-correlation
function, but not for the auto-correlation function. The
prethermalized state is described by a mixture of entan-
gled states, in the up-down representation, which clearly
shows the EP in the TL model. We can also analyze the
same problem in the spin-charge representation as done
in Ref. [25]. In this representation, the prethermalized
state is written as a product of the GGEs for charge and
spin components since there is no entanglement between
the charge component and the spin component. Thus, in
the TL model, the EP between the up and down compo-
nents is equivalent to the usual prethermalization with-
out entanglement in the charge and spin components (see
also Ref. [22]).
Moreover, we have found that the initial entanglement
still affects the long-time behavior of the system even
when the up and down subsystems interact with each
other. This is due to the special feature of the TL model,
i.e., the spin-charge separation.
In the previous work [21], EP was studied in the LL
model. Although the TL model is regarded as a low-
energy effective theory of the LL model, the EP in the
TL model cannot be understood as an approximation of
the EP found in the LL model. The timescale of the
EP in the LL model discussed in the previous work is
so long that the low-energy approximation is not valid.
Since the dynamics in the TL Hamiltonian gives a good
approximation of the dynamics in the LL model in a long
but finite timescale, it is expected that the EP in the TL
model found in this paper also occurs in the LL model in
an intermediate timescale before reaching the true sta-
tionary state of the LL model.
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